Introduction {#Sec1}
============

Recently, many countries are dealing with coronavirus disease 2019 (COVID-19). COVID-19 is a dangerous disease with many death cases in many countries \[[@CR1], [@CR2]\]. COVID-19 causes respiratory illness and many other symptoms. The disease was first detected in Wuhan, China. Soon after that, it was seen in many other countries \[[@CR3]\]. The study of epidemic outbreak in infectious disease is an interesting topic. Modeling of various biological and social facts has been a hot topic for many years \[[@CR4]--[@CR7]\]. Various methods have been used to model infectious diseases \[[@CR8]\]. Compartmental models are useful tools in the modeling of such diseases \[[@CR9], [@CR10]\]. One of those models is the SEIR model. This model consists of four individuals, susceptible, exposed, infected, and resistant. This model is popular in the studies of epidemiology \[[@CR11]\]. Many studies have been done in the modeling of COVID-19 \[[@CR12]\]. Recently, the SEIR model has been used in \[[@CR13]--[@CR15]\]. In \[[@CR16]\], the SIR model is used to investigate COVID-19 behavior. The prediction of COVID-19 is done in \[[@CR17]\].

Predicting bifurcation points of the dynamical disease are important \[[@CR18], [@CR19]\]. Many types of research have been done to predict the bifurcation points of biological systems \[[@CR19], [@CR20]\]. There are some evidences that near the bifurcation points of a dynamical system, the dynamic becomes slower. It means the system needs more time to pass the transients and reach its final state \[[@CR21]\]. Various methods have been used in the prediction of bifurcation points. Some of the well-known indicators are autocorrelation at lag-1 and variance \[[@CR22]\]. They bear some issues in predicting bifurcations in more complex dynamics. Recently, a new method has been introduced to improve the conventional indicators \[[@CR20]\]. Lyapunov exponent is another interesting predictor of bifurcation points \[[@CR23], [@CR24]\].

The study of networks of systems can help to understand the collective behavior of systems. Complex networks have a great impact on human life \[[@CR25]\]. They have many components which are interacting with various connections \[[@CR26], [@CR27]\]. Synchronization is one of the most interesting properties in the dynamics of networks \[[@CR28], [@CR29]\]. Many biological systems, such as neurons, do their task in a network \[[@CR30], [@CR31]\]. Many studies have been done on networks \[[@CR32], [@CR33]\]. A chaotic model of epilepsy based on the neural network was proposed in \[[@CR34]\]. Various dynamics of a multilayer network was discussed in \[[@CR35]\]. In this paper, various dynamics of the SEIR system, as a model for the development of COVID-19, are investigated. Bifurcation diagrams of the system are studied to show its various behaviors by changing parameters. Bifurcation points of the system are discussed, and they are predicted using autocorrelation. Also, the interaction of five cities is studied with various connections and parameters to show the effect of traveling in the outbreak of the disease.

Studied model {#Sec2}
=============

In this paper, the SEIR model is used as a model for the development of COVID-19. It is a compartmental model of infectious disease and its epidemic outbreak \[[@CR11]\]. It contains four classes of people as susceptible (S), exposed (E), infected (I), and resistant (R). The SEIR model is as follows:$$\documentclass[12pt]{minimal}
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Dynamical properties {#Sec3}
====================

To study the dynamical properties of the model, various bifurcations are investigated. Part (a) of Fig. [2](#Fig2){ref-type="fig"} shows the bifurcations of Model (1) by changing the parameter of the background of mortality without considering the disease state. It should be considered that in each parameter, the variables approach to an equilibrium point by passing enough time. The bifurcation diagram is plotted with the forwarding continuation method. Dynamics of the system have various bifurcation points. To predict bifurcation points of the model, autocorrelation (AC) is used. The absolute value of autocorrelation determines the slowness of dynamics by approaching to "one" near the bifurcation points. Autocorrelation is calculated from the time series of susceptible, exposed, infected, and resistant variables, which are shown in part (b) of Fig. [2](#Fig2){ref-type="fig"}. It can be seen that the AC approaches one in bifurcation points $\documentclass[12pt]{minimal}
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The speed of moving people from infected to resistance is another parameter that is investigated in the following. Figure [3](#Fig3){ref-type="fig"} shows the bifurcation diagram of Model (1) concerning changing parameter $\documentclass[12pt]{minimal}
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Interaction of various sub-groups of society {#Sec4}
============================================

In this section, the connections of five cities are considered to show the effect of intercity traffic restrictions. To reach this goal, System (1) is considered as the model of development of COVID-19 in each city. Then, the five cities are connected in a Watts--Strogatz network \[[@CR36], [@CR37]\]. The connection graph is shown in Fig. [4](#Fig4){ref-type="fig"}. So, each of the four variables of System (1) is connected to the variables of other cities as Eq. 2. $\documentclass[12pt]{minimal}
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Now, various cases are studied. The initial values of variables are set constant as Table [1](#Tab1){ref-type="table"}.Table 1Initial values of variables for the five citiesNodes$\documentclass[12pt]{minimal}
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In the first case, we consider that no people can travel from one city to another one ($\documentclass[12pt]{minimal}
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In the second case, the cities are considered to have some connections to each other ($\documentclass[12pt]{minimal}
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In the third case, the cities are considered to have more significant connections to each other ($\documentclass[12pt]{minimal}
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In the fourth case, the cities are considered to have some connections to each other ($\documentclass[12pt]{minimal}
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To have a more realistic viewpoint, the parameters of cities are considered to be different. In the next two cases, parameters for each city are considered as, $\documentclass[12pt]{minimal}
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In the fifth case, the cities with various parameters are considered to have some connections to each other ($\documentclass[12pt]{minimal}
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In the sixth case, the cities with various parameters are considered to have more connections to each other ($\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda =11$$\end{document}$). In other words, the coupling strength is increased to reveal the parameter in which the dynamics of various cities become synchronized. The results of the network are shown in Fig. [10](#Fig10){ref-type="fig"}. It shows that the population of exposed and infected people in all cities approaches zero by passing the time. The population of susceptible and resistant people of various cities is approximately synchronized; however, the zoomed view of the susceptible population shows they are not completely synchronized.Fig. 10Variations of state variables of five cities with different parameters for cities and coupling strength $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda =11$$\end{document}$; The population of susceptible and resistant people of various cities is approximately synchronized; however, the zoomed view of the susceptible population shows that they are not completely synchronized

So, in cities with the same parameters, increasing the coupling strength causes the dynamics of five cities to become the same by passing enough time. However, in cities with various parameters, reaching the same dynamics needs a much bigger coupling strength. Also, decreasing parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ changes the dynamics of COVID-19 outbreak.

Conclusion {#Sec5}
==========

In this paper, the SEIR model was used as the model for the development of COVID-19 outbreak. In the first step of this study, various bifurcations of the model by changing some critical parameters such as the background of mortality without considering the disease state and the speed of moving people from infected to resistance were discussed. Then, autocorrelation was used to predict bifurcation points of the model. To visualize the collective behavior of COVID-19 by the effect of traveling between various cities, a network consisting of five cities was studied. The effect of various parameters and the coupling strength between cities was discussed. Watts--Strogatz network was used to simulate the connection of five cities. In the interaction of various cities, each city can have various parameters. By coupling these cities, various dynamics of the whole society were investigated. Six cases were defined to study various cases of cities interactions. The results showed that in cities with the same parameters, by increasing the coupling strength from zero, the dynamics of five cities become the same by passing enough time. However, in cities with various parameters, the same dynamics cannot be reached very quickly, and it needs a much bigger coupling strength. Also, the results showed that decreasing the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ can change the dynamics of COVID-19 outbreak in cases with the same parameters for five cities.
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